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favorablywith experimentaldata than those of Ref. 9 but less favor-
ably than those of Ref. 6. However, the results reported in this work
as well as those reported in Refs. 6 and 9 correspond to Euler � ow
solutions, and as stated in Ref. 9, the modeling of the � ow physics
by the Euler equations is incomplete. In any case, given that our
CFD mesh is coarser than both meshes employed in Refs. 6 and
9, that our ISS algorithm has the same computational complexity
as the partitioned procedures used in these references, and that our
time step is more than an order of magnitude larger than both time
steps employed in Refs. 6 and 9, the results shown in Fig. 2 not
only validate our aeroelastic computational methodology but also
highlight its superior computational ef� ciency. Furthermore, they
demonstrate that, for aeroelastic problems, a well-designed stag-
gered algorithm can afford a time step that is comparable to that of
a fully implicit monolithic scheme.

IV. Conclusions
It has often been stated that loosely coupled partitioned proce-

dures for the solutionof aeroelasticproblems in the time domain are
inferior to strongly coupled fully implicit monolithic schemes. We
disagree with this viewpoint. Partitioned procedures and staggered
algorithms offer the possibility to combine different solution meth-
ods that are tailored to the different mathematical models and ge-
ometric complexity underlying the � uid and structure problems,
can take into account software availability in each individual dis-
cipline, simplify mixed explicit/implicit treatment, facilitate sub-
cycling, preserve software modularity, and are the most if not the
only feasible computational methods when the structural system is
more complex than a simple airfoil or a homogeneous� at plate. We
have presented a new enhanced staggered algorithm whose com-
putational complexity is comparable to that of basic ones and yet
allows the simplest partitioned procedure to operate with coupling
time steps that are comparable to those afforded by fully implicit
monolithic schemes. We have validated this algorithmwith the � ut-
ter analysis of the AGARD wing 445.6 and have highlighted its
superior accuracy and computationalef� ciency by proving it capa-
ble of operating accuratelywith a coupling time step that is 12.5–29
times larger than previously reported in the literature.
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Introduction

D YNAMIC analysis of a large structural system involves struc-
tural matrices of large dimension and, hence, requires much

computation. Powerful computers with effective numerical proce-
dures such as parallel processing may be employed to obtain the
exact solution. For general users, who have limited computing fa-
cilities and want to obtain the lowest eigenmodes,various reduction
methods1¡3 have been used to transform the original eigensystem
into a reduced subspace.

The reduced stiffness and mass matrices represent the conserva-
tion of the strain and kinetic energies of the structure. However, the
energy distribution over the degrees of freedom is not exact, and
the equation of motion in the reduced subspace does not satisfy the
equilibrium of the original system.

Most research work has focused on making compromises be-
tween solution accuracy and computational ef� ciency. For a broad
discussionof reduction methods for dynamic analysis, the reader is
referredto the reviewof Ref. 4. Generalcriteriahavebeen suggested
for the global approximation,which is the crux of reduction.

In system condensation, the secondary degrees of freedom are
condensedout, and the reduced eigenproblemis expressed in terms
of the primary ones. The major emphasis is put on how many and
which degreesof freedomshouldbe includedin the primary set.The
exact transformationbetween the primaryand secondarysets should
be different from mode to mode, which makes the computer imple-
mentation very dif� cult. Hence, the conventional transformation is
assumed to be constant and becomes the main source of error.

The presentstudywill closelyexamine the systemtransformation
that has a great effect, in particular, higher modes. The perturbation
equation, which is based on a correction of the transformationma-
trix, tends to push the condensationsolution further to the exact one.
Hence, theperturbationmethod is recommendedas a supplementary
step or postprocessorof condensation.

The method discussed here is similar, in principle, to the work
of Flax5 in which an accurate recovery of the secondary degrees
of freedom was of great concern. The present Note seeks to estab-
lish a simple and systematicderivationof the perturbationequation.
The perturbation method is revised to investigate the convergence
characteristicsof the condensationprocedureand to proposea com-
putational scheme for the improvement of the eigensolution.

Sometimes, numerical performance of condensation can be en-
hanced through the combined use of other reduction methods.6;7

An advantage of integrated eigensolvers is that the in� uence of set
selection in condensationcan be attenuated through the subsequent
solution procedures.

Condensation for Eigenproblems
In the � nite element analysis, the equation of motion for un-

damped free vibration is written as a general eigenproblem:

[k]fÁg D ¸[m]fÁg (1)
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where [k] and [m] are the stiffness and mass matrices. An eigenpair
is denotedas ¸ and fÁg. Equation (1) can be expressed in partitioned
form as

kpp kps

ksp kss

Áp

Ás

D ¸
m pp m ps

msp mss

Á p

Ás

(2)

The primary degrees of freedom fÁpg are included in the analysis,
whereas the secondary set fÁsg is condensed out. The primary set
should be able to describe the lowest eigenmodes accurately.

Two equations in Eq. (2) can be written explicitly as

.[kpp] ¡ ¸[m pp]/fÁ pg D ¡.[k ps] ¡ ¸[m ps ]/fÁs g
(3)

.[kss] ¡ ¸[mss]/fÁsg D ¡.[ksp] ¡ ¸[msp]/fÁ pg

If the coef� cient matrices are singular, there exist eigenvectorssuch
that

.[kpp] ¡ ¸[m pp]/fÃpg D f0g or .[kss] ¡ ¸[mss]/fÃs g D f0g
(4)

Then an arbitrarymagnitudeof fÃpg (or fÃsg) may be added to fÁpg
(or fÁsg). In other words, one set can vibrate independently of the
other. It is assumed that such local modes do not occur.

In Guyan’s static condensation,the mass associatedwith the sec-
ondary set is assumed to be small. Hence, the stiffness matrix is
used to get the transformation

fÁsg »D ¡[kss]
¡1[ksp ]fÁpg ´ [T0]fÁpg (5)

Through the system transformation,an eigenproblemin the reduced
subspace is obtained as

[Kr ]fÁpg D ¸r [Mr ]fÁ pg (6)

where

[Kr ] D [kpp] ¡ [kps ][kss]¡1[ksp]

[Mr ] D [m pp ] ¡ [m ps][kss]
¡1[ksp] ¡ [k ps][kss ]

¡1[msp] (7)

C [kps][kss]
¡1[mss ][kss]

¡1[ksp ]

Because the transformation is not exact, ¸r may differ from ¸.

Perturbation Equations for Condensation
In the staticcondensation,the exact transformationcan bedivided

into two parts,

[T ] D [T0] C [1T ] (8)

where

[T0] D ¡[kss]¡1[ksp]; [T1] D [msp] C [mss][T0]
(9)

[1T ] D ¸.[kss] ¡ ¸[m ss]/¡1[T1]

where [T0] is the conventionaltransformationmatrix.The corrective
term [1T ] contains the eigenvalue, and hence, the transformation
should differ from mode to mode.

The correspondingperturbationsof the reducedstiffnessandmass
matrices are written as

[1Kr ] D [kps ][1T ] C [1T ]T [ksp] C [T0]T [kss ][1T ]

C [1T ]T [kss][T0] C [1T ]T [kss][1T ]

D ¸2[T1]T .[kss ] ¡ ¸[mss]/
¡1[kss].[kss ] ¡ ¸[mss]/

¡1[T1]

(10)

[1Mr ] D [m ps][1T ] C [1T ]T [msp] C [T0]T [mss ][1T ]

C [1T ]T [mss][T0] C [1T ]T [m ss][1T ]

D 2¸[T1]T .[kss ] ¡ ¸[mss]/
¡1[T1] C ¸2[T1]

T .[kss]

¡ ¸[mss ]/
¡1[mss].[kss ] ¡ ¸[mss]/

¡1[T1] (11)

Hence, one obtains

[1Kr ] ¡ ¸[1Mr ] D ¡¸2[T1]
T .[kss] ¡ ¸[mss]/

¡1[T1] (12)

A dif� cultyarisesbecausethematrix inversioncontainstheeigen-
value. Therefore, the right-hand side is expanded using an in� nite
series,

[1Kr ] ¡ ¸[1Mr ] D ¡¸2[T2] ¡ ¸3[T3] ¡ ¸4[T4] ¡ ¢ ¢ ¢ (13)

where

[T2] D [T1]T [kss]
¡1[T1]

[T3] D [T1]T [kss]
¡1[mss][kss ]

¡1[T1]
(14)

[T4] D [T1]T [kss]
¡1[mss][kss ]

¡1[m ss][kss ]
¡1[T1]

:::
:::

The stiffness and mass matrices are usually symmetric and positive
de� nite, and so are the matrices [T2]; [T3]; [T4]; : : : :

The equilibrium equation for the perturbed subsystem is

[K 0
r ]fÁ

0
pg D ¸0

r [M
0
r ]fÁ

0
pg (15)

where

[K 0
r ] D [Kr ] C [1Kr ]; [M 0

r ] D [Mr ] C [1Mr ]
(16)

fÁ0
pg D fÁpg C f1Á pg; ¸0

r D ¸r C 1¸r

The perturbationequation is exact for a speci� c mode of the eigen-
value ¸.D ¸0

r / used in Eqs. (9–12).
To show the nonlinearcharacteristicsof the perturbedsystem, the

perturbation equation is rearranged:

.[Kr ] ¡ ¸r [Mr ]/f1Ápg D ¡.[1Kr ] ¡ ¸r [1Mr ]/fÁ 0
pg

C 1¸r .[Mr ] C [1Mr ]/fÁ0
pg (17)

Neglecting the nonlinear terms, the � rst-order equation is obtained
as

.[Kr ] ¡ ¸r [Mr ]/f1Ápg »D ¡.[1Kr ] ¡ ¸r [1Mr ]/fÁ pg

C 1¸r [Mr ]fÁpg (18)

Using mass normalization for simplicity, one gets the eigenvalue
change:

1¸r
»D fÁpgT .[1Kr ] ¡ ¸r [1Mr ]/fÁ pg (19)

Assuming ¸ »D ¸r in Eq. (13), the rate of eigenvalue change is
obtained as

1¸r =¸r
»D ¡¸r C1 ¡ ¸2

r C2 ¡ ¸3
r C3 ¡ ¢ ¢ ¢ (20)

where

C1 D fÁpgT [T2]fÁ pg

C2 D fÁpgT [T3]fÁ pg
(21)

C3 D fÁpgT [T4]fÁ pg
:::

:::
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Equation (12) or (20) is similar to Eq. (11) of Ref. 5. Because the
matrices [T2]; [T3]; [T4]; : : : ; are positive de� nite, the values of Ci

are positive, and the series should approach the exact eigenvalue
from above.

However, numerical investigations reveal that several lowest
terms in the series already overshoot the exact eigenvalue, and the
approximation continues to decrease. It appears that the truncation
of higher-order terms in the perturbation equation is the biggest
cause, in addition to the assumption ¸ »D ¸r .

Now it is assumed that

¸ »D ¸0
r D ¸r C 1¸r (22)

Then, dropping the higher-order terms associatedwith f1Á pg gives
the eigenvalue change as

1¸r
»D fÁpgT .[1Kr ] ¡ ¸0

r [1Mr ]/fÁpg (23)

For small 1¸r , � rst-order terms are included to get

1¸r

¸r

»D
¡¸r C1 ¡ ¸2

r C2 ¡ ¸3
r C3 ¡ ¢ ¢ ¢

1 C 2¸r C1 C 3¸2
r C2 C 4¸3

r C3 C ¢ ¢ ¢
(24)

which gives a little improvement over Eq. (20). It is interesting
that ¸r C1 and ¸2

r C2 provide an excellent approximation in typical
numerical problems.

The mode shape change f1Á pg is determined from Eq. (18). Be-
cause the coef� cient matrix on the left-hand side of the equation is
singular, a simple modi� cation8;9 is used to solve the equation.

The eigenvector expansion theorem shows

f1Ápg D C pfÁpg C fW g (25)

where fW g is the contributionof all of the mode shapes except fÁpg,

.[Kr ]¡¸r [Mr ]/fW g D ¡.[1Kr ]¡¸r [1Mr ]/fÁpgC1¸r [Mr ]fÁpg
(26)

The self-contribution factor C p is obtained using the mass nor-
malization:

C p D ¡ 1
2
fÁ pgT [1Mr ]fÁ pg

D ¡ 1
2 2¸C1 C 3¸2C2 C 4¸3C3 C ¢ ¢ ¢ (27)

Some of the nonlinear terms may be included to get a better estima-
tion:

C p D ¡
fÁpgT [1Mr ]fÁpg

2 1 C fÁ pgT [1Mr ]fÁ pg

D ¡
2¸C1 C 3¸2C2 C 4¸3C3 C ¢ ¢ ¢

2 1 C 2¸C1 C 3¸2C2 C 4¸3C3 C ¢ ¢ ¢
(28)

Fig. 1 Cantilever beam in � exural vibration: E = 2:0684 105 N/mm2 and ½ = 7:8334 10¡ 9 N s2/mm4.

Fig. 2 Helicopter tail boom.

The numerical procedureof the perturbationmethod can be sum-
marized as follows:

1) The reducedeigenproblemin Eq. (6) is solved to get the eigen-
values.

2) [Ti ] in Eq. (14) and Ci in Eq. (21) are determined.
3) The eigenvalue change is calculated using Eq. (24).
4) The mode shapechange is obtainedin Eqs. (25), (26), and (28).

Convergence of In� nite Series
In practice,convergenceof the matrices¸i [Ti ] dictatesthe numer-

ical performance of the perturbation equations. Although it takes
computational effort to predict the variation of the matrices, the
convergence characteristics can be roughly conjectured from the
recurrent structure of the matrices:

¸3[T3] · ¸=¸s ¸2[T2]

¸4[T4] · ¸=¸s ¸3[T3] · .¸=¸s/
2 ¸2[T2] (29)

:::
:::

where k k indicates a matrix norm and ¸s is the smallest eigenvalue
in the subspace of the secondary degrees of freedom,

[kss]fÃsg D ¸s[mss]fÃsg (30)

Fast convergenceis obtainedin lower modes, and the perturbation
equationgives excellent results. In higher modes for which the ratio
.¸=¸s/ is close to unity, however, it is dif� cult to overcome the
limitation of slow convergence.

Numerical Examples
Cantilever Beam

Flexural vibration of a uniform beam (Fig. 1) is used to illustrate
the method. Six nodes and � ve elements are used for the � nite ele-
ment modeling.The nodal displacementhas 10 degrees of freedom
for the planar motion of the beam. The primary set arbitrarily takes
three translationaldegrees of freedom of nodes 2, 4, and 6.

Table 1 shows the numerical results for the � rst three eigenvalues.
The static condensationgives good approximations,and substantial
improvement is obtained through the perturbationprocedure.

Helicopter Tail Boom
As an example of large systems, the tail-boom structure of the

Cobra helicopter10 is used. The � nite element model consists of 28
nodes,48beamelements,and8 concentratedmasses.Figure2 shows
the geometrical layout of the tail boom.

The structurehas 144 unconstraineddegreesof freedom.The pri-
mary set contains the lateral translationsof the eight nodes carrying
the concentratedmasses and has 16 degrees of freedom.
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Table 1 Eigenvalues of cantilever beam

Mode Exact Condensation Perturbation

1 6.80096 £ 104 6.80933 £ 104 6.80096 £ 104

2 2.67360 £ 106 2.75677 £ 106 2.67364 £ 106

3 2.10913 £ 107 2.50865 £ 107 2.11491 £ 107

Table 2 Eigenvalues of tail boom

Mode Exact Condensation Perturbation

1 1.72244 £ 103 1.72259 £ 103 1.72243 £ 103

2 1.79624 £ 103 1.79637 £ 103 1.79620 £ 103

3 8.76679 £ 103 8.77111 £ 103 8.76695 £ 103

4 1.48218 £ 104 1.48477 £ 104 1.48219 £ 104

5 1.51423 £ 104 1.51703 £ 104 1.51424 £ 104

6 6.28409 £ 104 6.29845 £ 104 6.28423 £ 104

Table 2 shows the � rst six eigenvalues. The static condensation
gives excellent eigenvalues for up to six modes. The perturbation
equation leads the approximation to the exact solution.

Conclusions
A perturbationmethodusinga correctionin transformationis pre-

sented to improve the condensationsolution. The method proved to
be effective and is recommended as a postprocessorof the conden-
sation.

Theoretically, the perturbation solution should approach the ex-
act eigenvalue from above. In practice, however, truncation error
in the linear equation causes the approximation to overshoot the
exact solution. Inclusion of several of the lowest terms can pro-
vide excellent estimations for both the eigenvalue and mode shape
changes.

One of the most dif� cult problems is the rate of convergence in
the series expansion.The sequential terms in the in� nite series may
indicate the convergence characteristics in an eigenvalue approxi-
mation.

Some of the nonlinear terms may be included to get more ac-
curate solutions. Rather than iterations with nonlinear perturbation
equations, integratedreductionmethods such as the hybrid dynamic
condensationare preferable.
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Introduction

I N a general layout optimizationproblem, possiblemodi� cations
can be classi� ed as follows1:
1) With deletion of members and joints, both the design vari-

able vector and the number of degrees of freedom (DOFs) are re-
duced. If only members are to be deleted, the value of associated
design variablesbecomes zero and can be eliminated from the set of
variables.

2) With addition of members and joints, both the design variable
vector and the number of DOFs are increased. When members are
added without addition of joints, the vector of design variables is
expanded, but the number of DOFs is unchanged.

3) With modi� cation in the geometry, there is no change in the
number of variables or in the number of DOFs. In this case, only
the numerical values of the variable are modi� ed.

Previous studies have addressed the described cases of layout
modi� cations.1¡6 For the case of addition of members and joints
(case 2), Kirsch and Liu1 presented an effectivemethod to establish
a modi� ed initial design. Even though it is suitable for changes in
members of a truss structure, it is dif� cult to apply this method to
other models of � nite element systems.

In this Note, a new simple and convenientprocedure is developed
by introducing and reanalyzing the modi� ed initial stiffness matrix
(MISM), and a method for forming the expanded basis vectors is
introduced. Using this approach, the MISM is formed directly by
using the submatrices of an augmented stiffness matrix. Therefore,
it is suitable for changes in a general � nite element system. Once
the MISM is introduced, an expanded basis vector is formed from
the MISM; the combined approximations (CA) are used to give an
approximate result of the modi� ed structure. The CA method, used
in previous studies for structural optimization,1;5;6 is suitable for
problems with unchanged numbers of design variables and DOFs.
Because of the large changes involved in topological modi� cation,
third-order approximations (CA3) are used in this study. The cal-
culations are based on results of a single exact analysis. Each sub-
sequent reanalysis involves the solution of only a small system of
equations. Thus, the computational effort is signi� cantly reduced.
In addition, evaluation of derivatives is not required.

Problem Formulation
Static analysis of the initial structure involves solving of a set of

simultaneous equations

K0u0 D R (1)

where K0 is the initial stiffness matrix and u0 is the initial displace-
ment vector; the elements of the load vector R are assumed to be
independent of the design variables. However, the approach pre-
sented here can also be used to deal with changes in the load vector.
The initial stiffness matrix K0 is symmetric and banded, and its
decomposition form is available:

K0 D L0D0LT
0 (2)

Received Dec. 15, 1997; revision received April 13, 1998; accepted for
publication May 19, 1998. Copyright c° 1998 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved.

¤Professor, Department of Mechanics.
†Ph.D. Student, Department of Mechanics.


